
Real Time Correlation Function in the 
O(N) model from the Functional-RG

Kazuhiko Kamikado 
(Nishina Center, Riken)

Based on Collaboration with
N. Strodthoff, L. von Smekal and J. Wambach in Germany

Friday, September 6, 13



Chiral phase transition

• Chiral phase transition

• Order parameter 

• 1st order boundary and critical point (2nd 
order)

��̄��

T

μ

schematic picture of phase diagram

QGP

Hadron Phase

µ � 300MeV

Critical point (2nd order)

first order ��̄�� �= 0

��̄�� � 0
cross over

~200MeV
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How to determine phase structure

• We should calculate effective potential using some 
models.

• Soft (relevant) modes should be integrated.

U(�) = a(T, µ)�2 + b(T, µ)�4 + c(T, µ)�6 + · · ·
�U

��
= 0

• Composed of only quark degree of freedom

• Gauge fields are already integrated out.

LNJL = �̄/�� �G
�
(�̄�)2 + (�̄i�5���)2

�

: Gap equation
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Soft modes near Tc

• We need meson degrees of freedom in order to 
describe critical phenomena.

O(N) scalar model
LO(N) =

1
2

�
(�µ�)2 + (�µ��)2

�
� U(�2 + ��2)
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Here, the Fourier transform of 9 (r, x) is written as tion of the order parameter in the Wigner phase;

yo(p„", p) = [p+ M—D(T, lu. ) —m] (4) D(, q) =~(((T$( )Q( )Q(0)tti(0)))), (5)

where p&+ ——(Ip "+p„, p) with v„" being the Matsubarafl

frequency for fermions, (2n+1)AT. The condttton
that the nontrivial solution of (2) should vanish gives
a critical line T= T(p, ) in the phase diagram, which is
shown in Fig. 1 for MD( T=p, = Q) = 240 MeV.
Above (below) the critical line, the system is in the
Wigner (Nambu-Goldstone) phase. One sees that the
critical temperature T& and the critical chemical paten-
tial p, „are 164 and 289 MeV, respectively. It can be
shown that both T~ and p, „ tend to increase for finite
m, larger numbers of flavor and/or a larger dynamical
mass M (T=p, =Q). Note that our Tx is consistentD
with the value deduced from the lattice Monte Carlo
simulations. 8

We are now in a position to examine collective exci-
tations in the system. For this purpose, let us calculate
the correlation function of a specific pair operator with
the quantum number (J~,I) = (0+, 0) or the fluctua-

where M denotes Fourier transform. Owing to analytic
properties of D(cu, q) and as a manifestation of the
dissipation-fluctuation theorem, ImD(c0, q) turns out
to be proportional to the so-called strength function
S(c0, q) which is the measure of the excitation
strength of collective modes
S(,q) = —(I/ )2gImD', ( )

where D~ is the retarded Green's function which is
obtained through an analytic continuation of the tem-
perature Green's function Q' (v„,q) (v~=2nm. T) on
account of the Abrikosov-Gor'kov-Dzyaloshinskii-
Fradkin theorem. The correlation function of the
pionlike pair operator Qiy5rg is also proportional to
S(cu, q) since we are considering the chirally sym-
metric phase (recall that we are now neglecting the
current quark mass m). Evaluating ~~(v„,q) in the
ring approximation, we get

2g ImD~ = Im(1+ 2grI~) (7)
with

T t t h [G~( o rd p —q)ImG~(po p)+ G~(po+rd p)ImG~(po p q11',q = r an
(27r ) (8)

0.2-
I I I I I I I ~

[ I I I I

Mo(T=P=0) =240MeV

where p~= (p, p) and G (G") is the retarded (ad-
vanced) single-particle Green's function for massless
quarks.

G (p, p) =(P+iqsgnPo) (9)
with p"= (p', p) = (go+ p„, p), q ) 0, and G = (
S(c0,q)'s computed for several temperatures at p, =0
are shown in Fig. 2, from which one can see the fol-
lowing points: (i) There is a sharp peak with a narrow
width (10—60 MeV) above Tz which implies the ex-

P44-o
X

C3
T='l 70MeV

~-0
q=0
T&-164 MeV

't 80MeV

istence of (degenerate) elementary excitations, and
the width vanishes at the critical point, (ii) the modes
soften as the system approaches the critical point, and
(iii) they well survive up to T= 200 MeV, fairly
above T„. The qualitative features do not change for
p, &0. The enhancement of long-range correlations,

01 0.2 P (GeV) 0 3
FIG. 1. Critical line calculated by use of the parameters

which reproduce g (=93 MeV) and m (=140 MeV) in
the lowest order of the chiral perturbation.

250MeV
0.30 tu(GeV) 0') 0.2 0.&

FIG. 2. Strength function at zero momentum transfer
(q=0) above the critical temperature T„=164 MeV with
p, =0. The shape and the peak position of S(cu, q) for q&0
as a function of ~ —q2 hardly change from those of
S(o), 0).

Hatsuda, Kunihiro (1985)

+

+ +...
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Pisarski, Wilczeck(1984)
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Perturbation?

• At the chiral limit, meson loop contributions make the 
phase transition first order. 
(contrary to the universality argument [O(n) in 3d])

• We need a method which enable us to include meson 
loops effectively. -> Functional-RG
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FIG. 5. (A) Masses in the tree-level m0!(T ) and m0"(T ) shown with left vertical scale, and the mass parameter m2(T )
with the right vertical scale. (B) !(T ) for m!(T = 0) = 140MeV and 30 MeV with mpeak

" (T = 0) = 550 MeV.
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FIG. 6. (A) Masses in the tree-level m0!(T ) and m0"(T ). (B) !(T ) for mpeak
" (T = 0) = 750MeV and 1000 MeV with

m! = 140 MeV.
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FIG. 7. !(T ) for mpeak

" (T = 0) = 550MeV with m! = 0 MeV and m! = 10 MeV.
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potential shape near Tc
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This work

• We calculate real time 2-point functions or spectral 
functions of O(N) scalar model using the functional-
RG.

• Calculation is made in zero temperature and zero 
chemical potential.
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• Functional-RG
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Scale dependent effective action (1)

• Rk is arbitrary function which satisfies the above 
conditions. 

• Rk prevents the propagation of mode whose momentum are 
smaller than k

Adding “mass like term” into the 
action

�Sk =
1
2

�
d4pRk(p)�(p)�(�p)

S � S� = S[�] + �Sk

Rk(p)

p
k

k

�k,�(2)
k ,�(3)

k , · · · ..
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Scale dependent effective action (2)

UV: classical

IR: quantum�k=0[�] = �[�]

�k��[�] = S[�]

• Characters of Γk(n) s at UV and IR boundaries

p

Rk=0(p)Rk=�(p)

p

�
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FRG equation

C. Wetterich, Phys. Lett. B301, 90 (1993)
cutoff function

k�k�k[�] =
1
2
Tr

�
k�kRkB

RkB + �(0,2)
k [�]

�
+ 1

2!!k!k = =

�(2)
k [�]

pp

p p

+!(0,3)
k

!(0,4)
k

!(0,3)
k

• Infinite set of partial functional differential equations of Γ(n)

k�k�(2)
k [�, p] =
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Local potential approximation

• 2-point functions at scale “k” are obtained by 

• LPA is a kind of pole ansatz

• We obtain flow equation for Uk

�kUk(�) = F [k, � : U(�, ), U �(�), · · · ]

+ 1
2!!k!k =

�(2)
LPA[�, p] = p2 + U ��

k

�k,LPA[�] =
1
2
(�µ�)2 � Uk(�)

k�kUk[�] =
1

p2 + U ��
k + Rk
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Flow of potential

• Effective potential of the O(N) scalar model

• Uk changes their shape with k. 

• Effective potential becomes convex at k = 0. 

di!erential equations numerically and the result is plotted in fig. 1. The initial values of the

integration correspond to the phase with spontaneous symmetry breaking. More details can
be found in sect. 4.

!

Uk(!)

0

0.005

0.01

0.015

0.02

-0.06 -0.04 -0.02 0 0.02 0.04 0.06

Figure 1: Average potential Uk(!) for di!erent scales k = et. The shape of Uk is stored in
smaller intervals "t = !0.02 after the minimum has settled. This demonstrates the approach
to convexity in the “inner region”, while the “outer region” becomes k-independent for k " 0.

2.5 A simple example: the quartic potential

Before we describe the solutions of more sophisticated truncations of the flow equation (2.36)

we consider here a very simple polynomial approximation to Uk, namely

Uk(") =
1

2
#k ("! "0(k))2 . (2.42)

The two parameters "0(k) and #̄k correspond to the renormalizable couplings in four

dimensions. It is not surprising that the flow of #̄k will reproduce for d = 4 the usual one-loop

$-function. As compared to standard perturbation theory, one gets in addition a flow equation

for the k-dependent potential minimum "0(k) which reflects the quadratic renormalization of

the mass term. It is striking, however, that with the inclusion of the anomalous dimension %
the simple ansatz (2.42) also describes [8] the physics for lower dimensions d = 3 or d = 2!

This includes the second-order phase transition for d = 3 with nontrivial critical exponents

and even the Kosterlitz-Thouless transition for d = 2, N = 2! In consequence, we obtain a

simple unified picture for the &4-model in all dimensions. This is an excellent starting point

for more elaborate approximations.

28

J. Berges et.al (2000)

smaller k

� = �2

U � = ��U

M� M�

�kUk(�) = kd+1

�
1

k2 + 2U �
k + 4�U ��

k

+
N � 1

k2 + 2U �
k

�
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Critical phenomena

• Critical exponents beyond the mean field values 
[O(4) in 3d] are well reproduced.

B. Stokic, B. Friman and K. Redlich, Eur. Phys. J. C 67 (2010) 4252.2. DERIVATIVE EXPANSION 13

! " # $ $c %
O(4) lattice [18] 0.3836 4.851 1.477 0.7479 0.4019 -0.244
Mean Field 0.5 3 1 0.5 1/3 0
FRG with LPA [19] 0.402 4.818 1.575 0.787 0.396 -0.361

Table 2.1: Critical exponents of the O(4) universality class given by the FRG calcu-
lation with the derivative expansion. We can see a good agreement with the lattice
calculation.

e!ects of the irrelevant parameters with the Taylor method. In the grid method,
we solve the flow equation on the grid. Then the functional di!erential equation is
reduced to a couple of the ordinary di!erential equations of the potential on the grid.

With these methods, the critical behaviors are well described by using the local
potential approximation. In the case of massless u and d quarks and zero chemical
potential µ = 0, the chiral phase transition is of second order. The critical behavior is
expected to belong to the universality class of the O(4) spin model in three dimensions
[20]. Second order phase transition is characterised by the anomalous behaviors of
the physical values near the transition point. For example, the order parameter (&)
behaves like

& ! t!,& ! h1/" (at T = TC),

t =
Tc " T

Tc

(2.15)

where ! and " are critical exponents and h is conjugate field of the order parameter.
The critical exponents are investigated in the quark-meson model using the FRG
method with derivative expansion. Table. 2.2 is the resulting critical exponents
comparing with the results of the mean-field theory and Lattice calculation. We
can see a good agreement with the results of the lattice calculation. This means
the FRG with the derivative expansion well handle the infrared behaviors of the
mesonic fluctuations. Because the mead-field theory completely neglects mesonic
fluctuations, it can not predict the critical exponents at all.

In contrast, a fluctuation induced first order phase transition occurs on the U(2)#
U(2) scalar model which is a e!ective model of QCD in the case of the e!ective
suppression of axial anomaly [20]. Since the flow of the relevant parameters do not
have non-trivial (Wilson-Fisher) fixed point, the fluctuation induced first order phase
transition is expected [20]. The fluctuation induced first order phase transition is
actually observed by using the FRG method with the derivative expansion [21, 22,
17]. Figure. 4.3 shows the flow of the e!ective potential at the transition temperature
(the figure is cited from ref. [17]). When the scale approaches infra red scale (k/" $
0), the e!ective potential becomes a double well shape and two degenerate minimums
are formed. We can also understand that the derivative expansion is useful for the
whole critical behaviors. However, we should keep in mind that, since the derivative
expansion can deal with the irrelevant parameters for the critical behaviors, it is
useful outside the critical region.

� � |T � Tc|�

� � h1/�

2

tive critical exponents [24] in the presence of the chiral
symmetry breaking field. Finally, we explore the scal-
ing behavior of di!erent ratios of susceptibilities and the
order parameter [25].

We also show that within the FRG method, with a
suitable truncation of the FRG flow equations, the quark-
meson model exhibits a universal behavior that is in
quantitative agreement with that recently found in lat-
tice calculations of the O(4) spin system in three dimen-
sions [26].

The paper is organized as follows: In Sec. II we intro-
duce the chiral quark-meson model and the FRG method.
The flow equations for the scale dependent thermody-
namic potential at finite temperature and chemical po-
tential are also derived in this Section. In Sec. III we
discuss the universal scaling properties of various phys-
ical quantities and extract their critical exponents. In
Sec. IV we summarize our results and discuss their rele-
vance.

II. THE CHIRAL QUARK-MESON MODEL
AND THE FRG FLOW EQUATION

We employ the chiral quark–meson model to explore
the scaling properties and the critical equation of state
within the FRG method. This model is relevant for
studying strongly interacting hot and dense matter with
two degenerate light–quark flavors, since it is expected
to belong to the same universality class as QCD at the
chiral phase transition.

The chiral quark-meson model represents an e!ective
low-energy realization for spontaneous chiral symmetry
breaking at the intermediate momentum scale 4!f! ! 1
GeV. One can view this model as an e!ective model of
QCD, where the gluon degrees of freedom have been in-
tegrated out. Consequently, the model does not describe
the confinement-deconfinement transition.

The Lagrangian density of the chiral quark-meson
model is given by

L =
1

2
("µ#)2 + q̄i/"q + gq̄Mq + U($,%!), (1)

where the O(4) representation of the meson fields is
# = ($,%!) and the corresponding SU(2)L " SU(2)R chi-
ral representation is given by M = $+ i%& ·%!'5. There are
N2

f = 4 mesonic degrees of freedom coupled to Nf = 2
quark flavors q.

The potential U($,%!) is given by

U($,%!) =
1

2
m2#2 +

(

4
#4 # c$. (2)

In vacuum, the O(4) symmetry of the Lagrangian (1) is,
for m2 < 0, spontaneously broken to O(3). This leads to
a nonvanishing scalar condensate [44] $$% = f!. The ex-
plicit symmetry breaking term c$ in the potential gives
the pion a mass m!. At the three level, c0 = f!m2

! yields

-1 -0.5 0 0.5
t

0

0.2

0.4

0.6

0.8

1

<σ
>/
f π

h=0
h=1.5×10-2

h=3.0×10-2

h=4.5×10-2

FIG. 1: The order parameter as a function of the reduced
temperature t for several values of the external field h.

the physical pion mass in vacuum. For convenience we in-
troduce a dimensionless parameter h = c/c0, the reduced
external field, as a measure for the strength of the sym-
metry breaking term. In a medium, the chiral symme-
try of the Lagrangian is restored, leading to a vanishing
scalar condensate at some critical temperature and/or
density.

To explore the critical properties near the chiral phase
transition we use the Functional Renormalization Group.
The FRG is an important tool for addressing nonpertur-
bative problems within quantum field theory. The start-
ing point is the infrared (IR) regularized e!ective average
action "k [14, 27, 28, 29]. This is a generalization of the
standard e!ective action, where one-particle modes with
a momentum less than a scale parameter k are suppressed
by means of a regulator function.

The FRG equation for the e!ective action reads [14, 27]

"k"k[#,)] =
1

2
Tr

!

"kRkB

"

"(2)
k [#,)] + RkB

#!1
$

#Tr

%

"kRkF

&

"(2)
k [#,)] + RkF

'!1
(

, (3)

where "(2)
k denotes the second functional derivative of

"k[#,)] with respect to the field variables and corre-
sponds to the inverse two-point function at the scale k.
The trace in Eq. (3) denotes a momentum integration
and a summation over all internal indices like e.g. flavor,
color, and/or Dirac indices. The fields # and ) denote
bosonic and fermionic fields, respectively.

The e!ective average action "k governs the dynamics
of a theory at the momentum scale k and interpolates
between the bare action "k=! & S and the full quantum
e!ective action "k=0 = ". The regulator function Rk,
which suppresses the small momentum modes, is to some
extent arbitrary. The derivative of this function "tRk is
peaked at the scale k and thus implements the Wilsonian

h � mq
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LPA for 2-point functions

• 2-point functions are calculated using scale 
dependent effective potential.

pp

p p

+!(0,3)
k

!(0,4)
k

!(0,3)
k

k�k�(2)
k [�, p] =

U ���
k

U ����
k

!k!
(0,2)
k =

!2"

!k!
(0,2)
k =

!2"

⇡

�

!k!
(0,2)
k =

!2"

!k!
(0,2)
k =

!2"

⇡ ⇡⇡

⇡

� � � �

!k!
(0,2)
k =

!2"

!k!
(0,2)
k =

!2"

⇡
!k!

(0,2)
k =

!2"

!k!
(0,2)
k =

!2"

⇡ ⇡⇡ � � � �

⇡ �

��(2)
�k

�t
�

��(2)
�k

�t
�
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1
p2 + U ��

k + Rk
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Real time correlation functions

• make a calculation on Euclidian field theory and 
make analytic continuation of flow equation

• Indirect methods may be useful
 (MEM, pade approximation).

�(0,2)
R = �(0,2)(i�n � p0 � i�) � � Im

1

�(0,2)
R

�k�(0,2) = f [�,� : �n]
�kRe�(0,2)

R = Ref [�,� : �ip0 + �]

�kIm�(0,2)
R = Imf [�,� : �ip0 + �]
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• Results
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Spectral functions (k=0)

• Pi appears as a delta function type peak.

• Sigma appears beyond two pi threshold and have a 
finite width.
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Real and Imaginary part

• Both 2-pf have a zero on their real part.

• Imaginary part of sigma is finite beyond the two pion 
threshold.

-0.8
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 0  100  200  300  400  500

Γ
(2

)  [Λ
2 ]

ω [MeV]

Re Γ(2)

Im Γ(2)

Figure 5: Real and imaginary parts of the retarded sigma propagator as a func-
tion of the time-like external momentum !.

e!ective potential results to be 425.0MeV for the parameter set
with nearly physical pion mass in Tab. 1.

Fig. 6 displays the pion and sigma spectral functions as
calculated from Eq. (15). The pion spectral function shows a
sharp peak at 135 MeV to be identified with the pion mass.
The sigma spectral function exhibits the 2-pion threshold as
a characteristic increase in the spectral density followed by a
broad maximum at about 312 MeV above this threshold. Con-
sidering a case in which the imaginary part Im"(2) were inde-
pendent of the (time-like) external momentum so that the only
momentum-dependence was in the real part Re "(2), it is obvi-
ous from Eq. (15) that the maximum of the spectral function
would then occur at the zero of the real part with a width as
determined by the constant imaginary part. This is the case for
the pion 2-point functionwhere the peak in the spectral function
and zero of the 2-point function coincide as they must since the
imaginary part practically vanishes. The same coincidence be-
tween the sigma mass defined via the maximum of the spectral
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Figure 6: Spectral functions for the pion ("#) and the sigma meson ("$).

function and the zero of the corresponding real part is of course
no longer valid for a momentum-dependent imaginary part as
obtained here, although the zero of the real part may still pro-
vide an estimate for the sigma mass. For the current parameter
set the zero of the real part, however, overestimates the sigma
mass defined via the maximum of the spectral function by 14%.
This illustrates the di#culties of a mass assignment for a broad
resonance with a strongly momentum-dependent width. In this
case the imaginary part does not vanish at the zero of the real
part. Hence no zero is found in the complex plane of the phys-
ical sheet, consistent with the Källen-Lehmann representation,
which allows only poles on the real axis. One expects a zero on
the unphysical sheet, however, as illustrated in [16, 31].

Except for a significantly lower sigma mass in our calcu-
lations, the zero-temperature spectral functions are in qualita-
tive agreement with perturbation theory results [16, 17, 18, 19].
All calculations show a sharp peak in the pion spectral function
which determines the pion mass and a sigma resonance peak
beyond the two pion threshold in the sigma spectral function.
This agreement is reassuring since perturbation theory around
the mean-field vacuum was found to work well outside the crit-
ical region.
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Figure 7: Comparison of pion ("#) and sigma meson ("$) spectral functions for
parameter sets corresponding to two di!erent pion masses.

As a consistency check we have also calculated the pion and
sigma spectral functions closer to the chiral limit using the sec-
ond parameter set in Tab. 1 corresponding to a pion pole mass
of 16.0 MeV. The comparison with the physical pion mass is
shown Fig. 7. When approaching the chiral limit, one expects
the spectral weight of the pion pole in its correlator to increase
more and more as this pole moves closer to the ! = 0 axis
where it eventually accumulates the full spectral weight in the
chiral limit. Consequently, the spectral sum rule then implies
that all other contributions to the spectral function should de-
crease with decreasing pion mass. Both these trends are seen
in Fig. 7 where we extended the frequency range of Fig. 6 to
include the $ ! # threshold in the pion spectral function. To
explicitly verify the non-renormalization of the pion field in the
chiral limit requires a more careful analysis, however, proba-

5

The spectral function is proportional to the imaginary part
of the retarded propagator or more explicitly, for ! > 0,

"i(!) = !
1
#

Im!(2)Ri (!)
!

Re !(2)Ri (!)
"2
+

!

Im!(2)Ri (!)
"2 , i = #,$, (15)

which is understood to be evaluated in the limit % " 0+. In the
numerical evaluationswe have to keep a small but finite positive
imaginary part in the external energy, however.

3. Numerical results

3.1. Numerical method
In order to solve the flow equations numerically, we employ

the Taylor-expansionmethod. We expand the flow equations (5)
and (9) by expanding Uk and the real or imaginary part of !Rk,i
(i = $, #) around the scale dependent minimum:

Uk =

K
#

n=0
an,k(&2 ! &2k)

n ,

Re !(2)Rk,i (!) =
L

#

n=0
bin,k(!)(&

2 ! &2k)
n ,

Im !(2)Rk,i (!) =
L

#

n=0
cin,k(!)(&

2 ! &2k)
n .

(16)

The flow equations for the e"ective potential and the 2-point
functions then translate into flow equations for the expansion
coe#cients an,k, &2k , b

i
n,k(!) and c

i
n,k(!) in the usual way. Choos-

ing L = K ! 1 ensures that the consistency condition (12) be-
tween the pion 2-point function and the e"ective potential is
maintained exactly also in a finite Taylor expansion for the nu-
merical implementation. The flow equation for the sigma cor-
relator involves up to four derivatives and thus requires K # 4.
We will employ K = 5 and L = 4 in the following.

The numerical results presented in this article were obtained
using the Taylor-expansion method as described above, which
by construction does not take into account the full field-depen-
dence of the e"ective potential. Therefore we checked our re-
sults against the so-called grid method [22], which involves dis-
cretizing the e"ective potential on a set of grid points in field
space and solving the corresponding flow equations at fixed val-
ues in field space, from which the full field-dependent e"ective
potential can be reconstructed. The scale-dependent derivatives
of the e"ective potential, evaluated at its minimum, can then be
used as input for the corresponding flow equations (9) for the
2-point functions. The disadvantage of the grid method is that

a/$2 b c/$3 f# mscr# mscr$
-0.30 3.65 0.014 93.0 137.2 425.0
-0.34 3.40 0.002 93.1 16.4 299.8

Table 1: Parameter sets for a UV cuto" $ = 500 MeV corresponding to two
di"erent pion masses. The physical parameters, f# and the meson masses, are
given in MeV.

one incurs considerably larger numerical costs for reaching low
IR cuto" values than with the Taylor expansions. Fortunately,
we were able to verify that the results from the grid method
generally reproduce the Taylor results for k # 0.05$ very well.

The parameter sets used here for the O(4) model with UV
potential of the form Uk=$ = a&2 + b&4 are listed in Tab. 1.

3.2. Pion and sigma meson spectral functions
In Fig. 4 and Fig. 5 we show the real and imaginary parts

of the retarded 2-point functions !R# and !R$, respectively. These
were obtained by solving the flow equations (9), separated into
real and imaginary parts for a small but finite imaginary part
% $ 0.1 MeV in the external frequency ! + i% as a function its
real part !. For the pion the imaginary part in Fig. 4 remains
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Figure 4: Real and imaginary parts of the retarded pion propgator as a function
of the time-like external momentum !.

negligible, whereas the real part behaves as demonstrated in
earlier investigations [14, 13]. The zero of the real part, which
corresponds to the pion pole mass, is found at 135.1 MeV as
compared to a screeningmass of 137.2MeV. This oncemore re-
flects the di"erence between screening and pole masses which
is a small e"ect of only a few percent, however, in the purely
bosonic model [14, 13]. At finite density, these values should be
compared to the pionmass defined via the onset of pion conden-
sation when coupling the model to an isospin chemical potential
[30, 14]. The pole mass from our present truncation for the 2-
point function is considerably closer to the exact mass from the
Bose-Einstein condensation transition at zero temperature, in
particular, when fermions are included as first observed in the
Quark-Meson-Diquark model for two-color QCD [13].

For the sigma meson, shown in Fig. 5, the imaginary part
remains negligible but only up to the 2-pion threshold at ! %
2m# % 275 MeV and tends to finite negative values thereafter.
The two-pion emission threshold also shows up as a kink in the
real part. The zero of the real part is found at 350.6 MeV and
we will argue that this value might be a good estimate for the
sigmamass even in cases where no clear maximum in the corre-
sponding spectral function is visible. For comparison, the value
of the sigma screening mass extracted from the curvature of the

4

σ π
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Pole at Intermediate scale

• 2 zeros appear at intermediate scale.

• 2nd zero survives at k = 0.

• LPA for sigma mode has an inconsistency at T = 0.
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Physical interpretation

• Sigma should change their nature with scale k.

• The main contribution for the 1st zero is bare sigma 
and for the 2nd zero is the “two pi process”.

Scale

k = �

Sigma

bare field 

bare  + quantum 
collection 

k = 0

+

�

�
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momentum depndece

• momentum dependence of real and imaginary part of 
the sigma 2-point function.
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Intermediate scale

• Two zeros appear at intermediate scale.

• 1st zero survives at k = 0.

• Main component of pion is bare pion field
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Real part of pion

• 1st pole survives at k = 0.

• Pole approximation is OK for pion.
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Finite T?

• Near Tc, sigma should appear below two pion 
threshold (sigma is a soft mode).

• Then if we increase temperature, first zero become to 
survive at k = 0.

• LPA is OK near Tc. 
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Summary and Outlook
• We analyzed O(N) scalar model using Functional-RG 

method.

• We have calculated spectral functions of sigma and pi 
modes.

• We found a different behavior on sigma and pi spectral 
functions.

• For sigma, a dynamical pole survives at k = 0 while bare 
pole survives for pion spectral function.

• We will make a calculation at finite temperature.
(Because of the Landau damping, structure is much more 
complex.)
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• Thank you for your attention
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2点関数への近似
J. P. Blaizot, R. Mendez-Galain and N. Wschebor, Phys. Rev. E 74, 051116 (2006) 1) BMW 近似

2) 微分展開

ポテンシャルとのconsistencyがない(NGボソンが出ない可能性)

ポテンシャルとのconsistencyがある(カイラル極限でダイナミカルNGボゾン)
プロパゲーターからのポテンシャルへのバックリアクションは入らない

• 2点関数までで閉じた方程式を得る

K. Kamikado, N. Strodthoff, L. von Smekal and J. Wambach,  arXiv:1207.0400 [hep-ph]

�(0,3)
abi �

��(0,2)
ab [p]
��i

, �(0,4)
abij �

�2�(0,2)
ab [p]

��i��j

�(0,2)
ab � �2�LPA

��a��b

�(0,3)
abi �

�3�LPA

��a��b��i
, �(0,4)

abij �
�4�LPA

��a��b��j��k
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対称性の破れの記述

��� =
1
2

�
µ2

�
�� = � � ���

U = �1
2
µ2�2 + ��4

= a�� + b��2 + c��3 + d��4

U

q

•平均場と周りのゆらぎ
•臨界点(b~0)では高次 (cやd) の効果を取り込む必要がある
•摂動論を超えた手法が必要

b � 0
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FRG for Fermions

• We can easily include fermions.

• A cutoff function is chosen not to break the chiral 
symmetry 

�(2,0)
k � �2�k

��̄��
and �(0,2)

k � �2�k

��i��j

k�k�k[�,� = �̄ = 0] = �Tr

�
k�kRkF

RkF + �(2,0)
k [�]

�
+

1
2
Tr

�
k�kRkB

RkB + �(0,2)
k [�]

�

RF = i/p

�
k

|p| � 1
�

�(k2 � p2)
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Structure

• Flow equations for 2-point functions contains 3- and 4- 
point functions.

• Generally, flow equations for n-point functions contain up 
to (n+2)-point functions and equations never close.

• We need some truncation.

!k!
(0,2)
k = !2"

!1
2"

!(2,1)
k

!(2,2)
k

!(2,1)
k

!(0,4)
k

!(0,3)
k !(0,3)

k

+

+

+ 1
2!!k!k =

second times 
functional differential
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Derivative expansion

• We truncate the scale dependent effective action in terms 
of derivatives of fields,

• All relevant terms are included.
(reliable for critical behaviors)

• Sometimes, scale dependence of wave function 
renormalization (Zk) is neglected 
(Local potential approximation)

�k,Der =
Zk

2
(�µ�)2 � Uk(�) + �̄ [/� � g(� + i�5�� · ��)]� + O[(��)4]
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K = 0

For k = 0, ⊿ Sk vanishes and Γk becomes an usual 
effective action

�k

�
�̄
�
� �log

��
[d�]e�S��Sk�

R
j�

�
�

�
j�̄��Sk

�
�̄
�

�k=0

�
�̄
�

= �log
��

[d�]e�S�
R

j�

�
�

�
j�̄

= �[�̄]

�Sk =
1
2

�
d4pRk(p)�(p)�(�p)
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K => ∞

Rk � k2

• For large k, each modes acquires heavy mass 
and
quantum collections are suppressed 

• At UV limit  (k => ∞):

�k =
1

p2 + S��[�̄] + Rk

�k��[�̄] = S[�̄]

�k

�
�̄
�

= S[�̄] + quantum (loop) collections

Propagator :

�k��[�̄] = S[�̄]
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Intermediate scale

• Zero of real part at intermediate scale
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Intermediate scale

• If R_k which is smeared at higher p is choosen, the 
integrand of the FRG equation has peak at p ~ k.

k�k�k[�] =
1
2
Tr

�
k�kRkB

RkB + �(0,2)
k [�]

�

+ 1
2!!k!k =

Rk(p) � p2

ep2/k2 � 1

~

in
te
gr
an
d

p

� k

• Γk can be regarded as an effective action which 
contains fluctuations whose length are smaller than 
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How to solve it

• Solving coupled ordinary differential equations for 
Uk(σn)

• Relatively heavy computation cost

�kUk(�) = F [U(�, ), U �(�), · · · ]

Grid method Uk(�n = an)

Taylor 
method

• Expand potential around scale dependent 
minimum

• Relatively small computation cost

Uk(�) =
�

n

an,k(� � �0,k)n

Friday, September 6, 13


