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® Part 1
What is topological order ?

Fractionalization and topological orders.

MS, M. Kohmoto and Y.-S.Wu, Phys. Rev. Lett. 97, 010601 (2006)

® Part 2

Quark (De)confinement as a Topological Order

MS, Phys. Rev. D77, 045013 (2008) + alpha



Physics of topological orders

® Bulk-edge correspondence ==+ holographic relation
iIndex theorem

® fractionalization - -+ fractional charge
fractional statistics
(anyon, non-abelion)
fractional QHE

® topology-changing phase transition

® (topological) entanglement entropy *+=quantum computer
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(D What is topological order ?

Orders: conventionally understood in terms of SSB

spontaneous symmetry breaking

(¢) 7 O

But, recently it is recognized that there exist orders which
cannot be described by spontaneous symmetry breaking



Example

fractional quantum Hall system i
E
J
J el
Oxy = E = FV
v = 271ne/eB

R.Willett et al. ‘87

(o )

Phase transitions (jumps of Hall conductance) occur by changing
the magnetic field
® The FQH states do not break the symmetry of the Hamiltonian
(quantum liguid state).
C They have excitations with different fractional charges. g =gy

J




(Wen ‘04)

[ Orders }
Symmetry-breaking orders [ Non-symmetry-breaking orders }
‘Particle’ condensation
Quantum system Classical system
Symmetry group
Nambu-Goldstone mode
[ Quantum orders ] [ }

Gapped

Topological orders [ Fermi liquids }




Topological order

€ Topological orders are conventionally characterized by the
ground-state degeneracy depending on the topology of the
space (topological degeneracy) ...y cua

fractional quantum Hall systems \/
»T

ex.) Laughlin state sulastor  Topological order

degeneracy

1 g2

<
|
Q=

Wen-Niu ‘90 s



The ground state degeneracy is useful even for
symmetry breaking orders

V(0) Vo
0 0
1 L} ksl
ordered not ordered
2-fold degeneracy no degeneracy

But, the degeneracy is independent of the topology !

D

2 2 2



At present, several different systems are known to exhibit
topological orders.

[0 boson system
€ fermion system
€ in the presence or in the absence of magnetic filed
(without or with time-reversal invariance)

€ 2+1 and 3+1 dim. system

~N

/

X.G.Wen ‘91,
Read-Sachdev ‘91,
B fractional quantum Hall systems Voossner Sondhi 01,
W insulators Balents-Fisher.Ginvn 02,
W (frustrated) spin systems itgev, 97,

B unconventional superconductors Sr,RuO,

B superfluid *He A-phase
10



Ccommon characteristics

(1 All the known models have an excitation with fractional
charge.

Oshikawa-Senthil ‘06

In addition, some models have the following other
fractionalization

2 Some models have an excitation with fractional statistics
or non-abelian statistics.
3 Some models show fractional quantum Hall effects.

11



All these fractionalizations induce hidden symmery
(topological discrete algebra).

.

Fractionalization = Topological order

12



Plan of partl

(D Topological discrete algebra

@ Ground state degeneracy

3 Fractionalization and topological invariant
(Fractional Quantum Hall effect)

13



(2 Topological Discrete Algebra (d=2+1)

Our assumptions are the following definition of charge

(@ The system is on a torus.
@ There exists an exact U(1) symmetry.

@ The system is gapped.
@ Charge fractionalization occurs.

In other words, we assume that
there exist a quasi-particle with fractional charge

x _ P : .
e = 56 p,q Coprime integers

(e charge of the constituent particle) 14



We start with the following non-trivial processes on a torus
(Wu-Hatsugai-Kohmoto '91)

a. adiabatic unit flux insertions through holes of torus

Uz, Uy

do =" aunitflux

b. translations of I-th quasi-particle along loops of torus

=
&



& Note that the unit flux insertions are unitary equivalent to
the following adiabatic changes of the boundary conditions.

Consider the twisted boundary condition on the torus

phase
7
IS L
Un(yi + L) = e"%ipn(y;) ?
\ Ly
phase

By large gauge transformation
U(Dy, dy) = eilePa/L) (@1t +ay)tile®y/Lo)(y1+Fyn)

0 .0 Py
— —1
8xi (9332 Ll

2. the boundary conditions are changed as

1. the flux is reduced as —1

U(Dy, Dy, zi4+L1)¢(zi+L1) = e EPoT0)U (D, y 2)b ()



Using the large gauge transformation, we can delete
the inserted unit flux completely, but the boundary condition
parameters 6, and 6, change by one period.

¢ Thus U, (U,) is unitary equivalent to adiabatic change
of 0, (0,) by 2=

Yn(a; + L1) = € 4n(a;) 00
Yn(y; + L) = e Pipn(y;) 0, 4 0, + 27

The spectrum should be invariant under U, and U,
(“gauge invariance due to large gauge transformation”)

17



We also consider the exchange of quasi-particles.

c. exchange between I-th and (i+1)-th quasi-particles

(The reason why we take into account this operation is thaD

the translation along the loops are not independent to the
exchange of quasi-particles. Indeed they form the braid
\group algebra.




Braid Group on torus

_ 1 1 .
A]z—T Pi jIOz ; Cj,z’:pj TiPjT; (1 <i<j<N),

ooy =010, (L<kESN-3,[l-k >2),

OkOk+10k = Ofp+10k0k+1, (1 <k <N —2),
Ti+1 — qu_sz'Uq:_1> Pi+1 — 04iPiT4,

ro; =0T, p1o;=0p1, oo =A114
(1<i<N-1,2<j535<N-1)

Ap 1Tk = TkAm i, AmiPk = PEAm s

TiT; = TjTiy  PiPj = PjPis

C.:. = (T. .)A.—.l(T.—l 1Y, A= (pip)Ct (o o)

4,1 iTj 3 4,1 PiPj )& 54 \Psj Pi )
_ 1 ~1

= (A 3g—1" 'Aj,z'—l—l)Aj,i (Ajit1Ajj-1),

~1
Tip1T] oyt = An 1Az AN_11AN1
(1<k<l<m<N,1<i<j<N)

—

19



The commutation relations between the braid group operators
and the flux insertions are determined by AB effect.

From AB effect, we have

AB phase translation after flux insertion

In a similar manner, we obtain
Uyp; = G_QWZp/qPin
Uzp; = piUz, Ugo; = o;Uyg,



On the other hand, the commutation relation between the flux
Insertion operators is determined by Schur’s lemma

U.UyU; 1U, 1 commutes with all the braid group operators

Schur’s lemma

|::> Ua;UyUm_lUy_l = const = 2™

To have a finite dimensional representation, we have

A= k,l coprime integers

21



Thus, our tool to examine the topological order is
the following.

(D Braid Group
@ AB effect

Upr; = 6—27r’ip/q7-iUx’ pri — e—QWip/qpin
Uzpi = piUs, Uzo; = o;Ug,

@ Schur’s lemma

UyUy = 2™ AU Uz, A= k/I

Topological discrete algebra (1)

22



If the quasi-particle obeys abelian statistics, the algebra is
simplified.

o; = €1, (boson, fermion, anyon)

The solution of braid group is
5= 200G, pj = 2001,

|::> J
n

m,n coprime integers

TmTy — 6—27T2m/nTmi’ Uny — 627TZ)\UyU;U,

UsTyUg =Ty, UyT,U; 1 = e 2miP/aT,

Topological discrete algebra (2) 0=75, ¢ = g6 A= i



The statistical property is naturally combined with the charge
fractionalization in terms of the topological algebra.

Questions:

1. Can the topological algebra explain the ground state
degeneracy ?

2. (What is the physical meaning of the parameter A ?)

24



3@ Ground state degeneracy

To count ground state degeneracy, we define T, on the
ground state

pair-creation pair-annihilation

:> =

definition of T, on the ground state

In a similar manner, we define T, on the ground state

25



Let us take the basis of the ground state to be an
eigenstate of T,

Tr|n) = e|n)

then, we have n different eigenstates

= Tu(Tjln) = 2mmim Ty s =1,

n-fold degeneracy

26



We can also take the basis to be an eigenstate of T, and T,"
Ta?|7717 772> — ei771|771’772>7 T£|7717772> — ein2|7717 772>

In this case, we have qQ different eigenstates

—  Te(UsUjn,m)) = e MF2RDUSU iy o)
T (USUL 1, mp)) = X2 t2minp/Dysytin p,)

(8:17"'7Q7t:17"'7g7 n/q:N/Q)7

gQ eigenvalues
N and Q: co-prime integers

gQ-fold degeneracy

27



The minimal ground state degeneracy is the least common
multiple of n and gQ=nQ?/N

(n/q=N/Q,N,Q: co-prime integers)

— nQ2-fold ground state degeneracy

L -
n

e

3

In general

o>

(nQ2?)9-fold degeneracy

» Ground state degeneracy is obtained from charge
fractionalization and fractional statistics
» It depends on the topology of the space

28




Test of our result nQ2-fold ground state degeneracy
(torus) (e* =ep/q,0 = mm/n,n/q=N/Q)

1) Laughlin state (fractional Hall effect)

e* — e/q 6 = 7T/q D.Arovas, J.Schrieffer, F.Wilczek, ‘84

:> g-fold degeneracy

Agreement with numerical simulation and
the Chern-Simon effective theory

W.P.Su '84, Wen-Niu ‘90

2) Kitaev model (topological computer, RVB state)

et =¢e/2 6=0

>  22-fold degeneracy

Agreement with the exact result

Kitaev ‘97 29



@ The physical meaning of A

To consider the physical meaning of A, we calculate the
Hall conductance by using the linear response theory

62 1 27rd0 27rd0
oy = o Jo o)y v

0Pk | 00} e
90, ' 90,

) — (O3 <> Oy)

& J
Y

average over the boundary conditions

Niu-Thouless-Wu ‘84

Here ¢ (9) is the ground state with the twisted
boundary condition (6 = (0z,60y), K degener-
acy: K=1,---,d.) _
o (i + L1) = P op(x;)
ok (yi+ Lo) = g (i) 7



The ground state satisfies

Uald e (8)) = €79 (64 21,))

- Oa+2m a
@ =i [ okl g lok)

v (0+4218y)+y(0) = vy (0+27mez)+y2(0)+2mA+2n M

M: integer

31



Using this, we have

21 27 dO,do
Ory = h/ / -~ [86y<¢K|—|¢K> _(9x<—>‘9y)]

271 80;{;
e? [ (27 df, 9v,(0, 6
:__/ ny(ay)_(ea:(_)ey)
62
= — AN+ M
— A+ M]

Fractional A implies the fractional quantum Hall effect

32



Part 1. Summary

€ Using the braid group formulation, we found a closed
algebraic structure which characterizes topological orders.

charge

statistics Hall conductance

€ Topological degeneracy is due to the topological

discrete algebra.
cf.) For symmetry breaking orders

100 o= 000

The degeneracy is due to broken generators.

€ The fractionalization implies non-trivial topological
iInvariants 33



Part 2.

(® Quark deconfinement as a topological
order

Idea The Quark has fractional charges

!

{ The deconfinement implies the topological order ? ]

e

But.. the quark is an elementary particle, not a collective
excitation.

34



Nevertheless, non-trivial topological discrete algebra can be
constructed in a similar manner ..

An important difference 73 =Slwsle st

Due to the existence of gluons, the unit flux is
duced to ®,=2x/3e

e: the minimal charge of the constitute particle
(charge of down quark )

D,
Ca

cf.) For electron system, ®,=2x/e @

35



Due to gluon fluctuations, there exist center vortices of SU(3)

In each holes of three dimensional torus.

2m/3e

4m/3e

S b D

- v

D b

db

73 =Sl slgsl

Thus, the physics is the same after the flux insertion by 27/3e

(not 27t/e)

The unit flux is reduced to ®.= 27 /3e

36



permutation group on T3

0%21, 1<k N-1,
(opops1)> =1, 1<EkE<N-1
opoy =00, 1<k<N-3, |[l—k>2,
Tig1 =005 1<i<N—-1, a=123,
1o =077, 2<j<N, a=1,23,

a

iT;:T;T{L7 Z)]:]-)N) a’7b:172’3'

37



The only allowed representation of the permutation group Is
boson or fermion. o; = £1

The unique solution

38



If quarks are deconfined, the physical states are classified
with the permutation group of quarks.

4

Quarks have fractional charges, so we have non-trivial AB
effects with inserted flux

Topological Discrete Algebra

4 )
Tan — 6_(2Wi/3)5a’bUbTa Uan — 827Ti)\a7bUbUa,

TaTb — TbTa
\ P




From the topological discrete algebra, the ground
state degeneracy is found to be 33

!

The quark deconfinement phase is topologically
ordered !

40



On the other hand, ...

If quarks are confined, the physical states are classified with
the permutation group of hadrons.

4

Hadrons have integer charges, so we have no non-trivial AB
effect with the inserted flux.

Topological discrete algebra is trivial

@opological degener@

41



4 )
The confinement and deconfinement phases in QCD

are discriminated by the topological ground state

degeneracy !
\ J

For SU(N) QCD on T" X R4

e deconfinement:  N"—fold ground state degeneracy

e confinement: No topological degeneracy

42



We check this in the following manners

® comparison with the heavy quark limit

® perturbative calculation of the topological ground
state degeneracy

® consistency check with Fradkin-Shenker’s phase
diagram

® comparison with Witten index

43



1. comparison with the heavy quark limit

[ OCD ] [SU(S)YM]

heavy quark limit

The pure SU(3) YM has an additional symmetry known as
center symmetry

center symmetry

W(Cs) — BaW(Cq)BI
> I’C — €i27r/3W(Ca)

Be : Ug — €27/30, 44



confinement phase

. £
@ area law T +

(W(Ca, )WT(Ca, ")) ~ e—0L(T—7")
temporal gauge

@ cluster property

(W (Cay YW (Cay 7)) 757 (W (Ca)) 2
—> (W(Cq)) =0

The center symmetry is not broken

—> No ground state degeneracy

45



deconfinement phase

@ perimeter law T < +

(W (Ca, )WT(Cq, 7))y ~ =™ >

> (W(Cy)#0

@g of the center symmetry > ——> 33degeneracy

The degeneracy reproduces the one obtained from the
topological discrete algebra

46



In the static limit, our criterion for confinement coincides with
the Wilson'’s.

remark

In this limit, topological discrete algebra becomes as
follows.

—

To — W(Cy)
Us — Bg

UaTa — €i27r/3TaUa, — BaW(Ca) — 6227T/3W(Ca)Ba

47



2. perturbative calculation of topological degeneracy

® \We can calculate the topological degeneracy in the

perturbation theory.
® Since the QCD is deconfined in the weak coupling,

there must be the topological degeneracy.

SU(2) gauge theory on a S'x R12

Sl
%—b ()
2-fold degeneracy
should arises.
48

RZ




The Result
i0
W(C) = Pexp (ig /C<Au(w)>d$) = ( eo 63’9 )

N.Weiss 81,

V(0) = K{—h(29)+Nf[h(0+¢/2)_h(9_¢/2)]} Hosotani 83

NZ

wilzan avi

Again, the result is consistent with the topological degeneracy

45—



3. comparison with Fradkin-Shenker’s phase diagram

Fradkin-Shenker’s result (79)

.

® Higgs and the confinement phase are smoothly connected when
the Higgs fields transform like fundamental rep (complementarity).

® They are separated by a phase boundary when the Higgs fields
\transform like other than fundamental rep.

.

1l

Our topological argument implies that no ground state degeneracy

\

~\

exists when Higgs and the confinement phase are smoothly connected.

J

50



4. N=1 SU(N) SYM

® \Witten index has information on the ground state
degeneracy on the torus T3

® N=1 SU(N) SYM is in confinement phase, so there
must be no topological degeneracy.

\

We know that there exists degeneracy on T3

j1> Witten index Tr(-=1)'=N

at least N-degeneracy

51



But ...

/ ®The theory has a discrete chiral symmetry, which is\
expected to be spontaneously broken.

W — elT/2Ny

® The rotation symmetry is expected not to broken.

v — -

\- /

|:> N-fold degeneracy is a consequence of SSB
of chiral symmetry

No topological degeneracy = quark confinement

52



€ Summary of Part 2

€ We can generalize the topological discrete algebra to the
non-Abelian gauge theories.

€ Topological degeneracy gives a gauge-invariant “order
parameter” which distinguishes the quark confinement phase
and deconfinement one.

| -lT-Sr(e—ﬂH) 83 T3
et O = @

€ Topological criterion of the quark confinement is available
even in the presence of the dynamical quarks.

€ We can check our idea in various ways.

€ Our topological discrete algebra can be generalized into
other systems, (i.e. standard model, SUSY )

53
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